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I. INTRODUCTION

F
OR centuries, engineers and scientists have gained inspiration from the natural world in their search for solutions to technical problems, and this process is termed biomimetics. Underwater snake robots have several promising applications for underwater exploration, monitoring, surveillance, and inspection. They thus bring a promising prospective to improve the efficiency and maneuverability of modern-day underwater vehicles. For instance, these mechanisms carry a lot of potential for the inspection of subsea oil and gas installations. In addition, for the biological community and marine archeology, snake robots that are able to swim smoothly without much noise, and that can navigate in difficult environments such as ship wrecks, are very interesting [1] . To realize operational snake robots for such underwater applications, a number of different control design challenges must first be solved. An important control problem concerns the ability to follow given reference paths under the influence of ocean current effects, and this is the topic of this paper.
Based on the dynamic model presented in [1] and [2] , we propose an integral line-of-sight (LOS) path following controller for steering an underwater snake robot along a straight line path in the presence of ocean currents of unknown direction and magnitude. Unlike the biologically inspired flow sensing strategy presented in [3] , the integral LOS guidance law proposed in this paper is inspired by path following control of marine surface vessels in the presence of ocean currents [4] , [5] . Note that the integral LOS guidance strategy is widely used for the directional control of marine surface vessels for ocean current compensation but has not been employed previously for the directional control of underwater snake robots in the presence of ocean currents. Preliminary results of the proposed control strategy are also presented in [2] , but whereas the efficacy of the control strategy is supported by simulation results given in [2] , this paper investigates the efficacy of the integral LOS path following the control strategy through experiments with a physical underwater snake robot [6] . The experimental results show that the integral LOS guidance law can be applied to underwater snake robots to compensate for the ocean drift effects, including the current effects, and achieve path following of straight lines. Experimental results for path following of a five-links underwater snake robot and a fish robot have been presented in [7] and [8] , respectively. However, to the authors' best knowledge, experimental results for path following control of underwater snake robots compensating for the current effects have not been investigated in previous literature.
Furthermore, motivated by [9] and [10] , the stability of the locomotion of an underwater snake robot along the straight line path in the presence of ocean currents by using a Poincaré map is analyzed. The method of Poincaré maps is a widely used tool for studying the stability of periodic solutions in dynamical systems. In particular, by using a Poincaré map, we prove that all state variables of an underwater snake robot, except the position along the forward direction, trace out an exponentially stable periodic orbit when the integral LOS path following controller is applied. As far as we know, no formal stability analysis of an integral LOS path following controller for an underwater snake robot has been presented in previous literature.
The paper is organized as follows. Section II presents a research background on swimming robots. Section III presents the dynamic model of an underwater snake robot, while the integral LOS path following controller along straight lines is outlined in Section IV. The stability analysis based on the Poincaré map approach is presented in Section V, followed by simulation results for both lateral undulation and eel-like motion in Section VI. Experimental results are presented in Section VII. Finally, the conclusion and suggestions for further research are given in Section VIII.
II. BACKGROUND ON BIOLOGICALLY INSPIRED SWIMMING ROBOTS
Studies of biologically inspired snake robots have largely restricted themselves to land-based studies for which reviews on modeling, implementation, and control of snake robots can be found in [11] and [12] . Empirical and analytic studies of snake locomotion were reported in [13] , while the work in [14] is among the first approaches to develop a snake robot prototype. Several land-based snake robots [15] - [19] and biologically inspired swimming robots [3] , [6] , [8] , [20] - [32] have been constructed since then. Comparing amphibious snake robots with the traditional land-based ones, the former have the advantage of adaptability to aquatic environments. The research activity on amphibious snake robots (also referred to as lamprey or eel-like robots) that can operate in aquatic environments is less extensive. Due to the complex dynamics of swimming snake robots, several different modeling approaches have been carried out in the literature [1] , [7] , [24] , [33] - [42] . Several results have been reported in the related field of design, modeling, and control of underwater robots that mimic the movement of fish [3] , [8] , [30] , [43] - [47] . In addition, physical sea snakes have been studied by the University of Adelaide researchers as inspiration for an underwater robot design [48] . Regarding swimming snake robots, the underlying propulsive force generation mechanism has been studied through the exploration of the fluid dynamics surrounding the body [36] .
Classical works by Taylor [33] and Lighthill [34] provide analytic models of fluid forces acting on the body during undulatory swimming. McIsaac and Ostrowski [7] present a dynamic model of anguilliform swimming for eel-like robots and Boyer et al. [35] present the dynamic modeling of a continuous threedimensional (3-D) swimming eel-like robot. Chen et al. [36] demonstrate a model for the body-fluid interaction in undulatory swimming of leeches, where the body is represented by a chain of rigid links and the hydrodynamic force model is based on resistive and reactive force theories. In [38] , Blair and Iwasaki presents the equations of motion for a general multibody rectifier system taking into account the currents by assuming that the environmental force is a (possibly nonlinear) function of the relative velocity (i.e., the velocity of the link in water in the presence of current). However, the added mass and the fluid torque effects (also referred to as fluid moments) are not taken into account (for more details, see [1] ). In [39] , Candelier et al. presents the modeling of the reactive force and moment acting on an elongated body moving in a weakly nonuniform potential flow. This model has been used to investigate the passive and the active swimming of a fish in a vortex street. In [49] , a solution to the fast dynamics of eel-like robots has been proposed and tested in comparison with a Navier-Stokes solver. In [24] , the dynamic model of a fish-like robot named AmphiBot III is presented. This modeling approach is based on the adaptation of Lighthill's large amplitude elongated body theory to a serial mobile multibody system and the results are compared with the planar motion of the real robot for forward swimming gaits and turning maneuvers.
The majority of the modeling results for underwater robots omit fluid moments (fluid torques), which are then assumed to have a negligible effect on the overall motion of the system [7] , [38] , [50] . However, the fluid torques are directly related with the power consumption of the system (see, e.g., [37] ), and it is thus interesting to include them in order to achieve a more accurate modeling approach from a hydrodynamic perspective and energy-efficient motion. In [35] , [37] , and [51] , fluid torques are modeled, but the drag force and torque are integrated numerically at each sample time of the algorithm and evaluated numerically, something which results in the lack of a closed-form solution. For control design purposes, it is a main advantage that the hydrodynamic modeling concludes in a closed form, without the need of an algorithmic way to compute the drag force and torque. Furthermore, in [40] , a simplified model of [38] is used to develop a feedback controller that achieves the desired body oscillation, orientation, and locomotion velocity. In [52] , a solution to the modeling problem that results in a closed-form solution is presented. This approach considers hydrodynamic and hydrostatic forces and torques and avoids the numerical evaluation of drag effects. The modeling approach presented in [1] and [2] considers both linear and nonlinear drag forces (resistive fluid forces), the added mass effect (reactive fluid forces), the fluid moments, and current effect. Note that as far as the fluid effects are considered, for control design purposes, in [1] and [2] the hydrodynamic phenomena are modeled in a sufficiently simple manner while taking into account all the hydrodynamic effects that are significant for the control design. Furthermore in [52] , hydrostatic forces (gravitational and buoyancy forces) are considered, under the assumption that these forces are coincident. This modeling approach combines the hydrodynamic effects, as derived in [1] , in an analytical-closed form with the hydrostatic forces. Note that the model presented in [1] and [2] is in closed-loop form and is thus particularly well suited for the modern model-based control design schemes. The control design in this paper will thus be based on the model presented in [1] and [2] .
Several control approaches for underwater snake robots have been proposed in the literature. However, the emphasis so far has mainly been on achieving forward and turning locomotion [24] , [53] . The next step would be not only to achieve forward locomotion, but also to make the snake robot follow a desired path, i.e., solving the path following control problem. The works in [7] , [8] , and [54] synthesize gaits for translational and rotational motion of various fish-like mechanisms and propose controllers for tracking straight and curved trajectories. The work in [23] studies the evolution from fish to amphibian with the use of central pattern generators. Eel-like motion is considered in [7] and [55] , where controllers for tracking straight and curved trajectories are proposed. In [56] , Kelasidi et al. propose a solution for steering an underwater snake robot along a path, defined by straight lines of interconnected points that combines the use of an artificial potential fields-based path planner with a new waypoint guidance strategy for an underwater snake robot, but no formal proof is presented. Another waypoint guidance strategy, where the waypoints are defined a priori, is proposed for a Carangiform swimmer in [57] . A solution to the obstacle avoidance problem of an electric fish-like robot is presented in [58] . However, path following control for underwater snake robots still remains an open problem.
In [59] , results of a feedback control scheme for 3-D movement of the robot's continuous model presented in [35] are presented. The stabilization of the rolling angle is achieved with two pectoral fins that are attached to the head of the robot. In [60] , motion control of a 3-D eel-like robot without pectoral fins is presented. This controller enables the tracking of a desired 3-D position of the eel head as well as the stabilization of the rolling angle without pectoral fins. A multivariable constrained feedback control scheme is proposed in [61] based on a reduced model of an eel robot. In [62] , Lapierre and Jouvencel present a solution for path following of eel-like robots where a type of autonomous gait generation is developed by explicitly controlling the local system curvature. The proposed path following controller is inspired by the one of marine vehicles and the heading control is combined with the virtual target principle.
Experimental validation of open-loop motion planning for eellike robot is presented in [7] , [24] , and [53] . In addition, McIsaac and Ostrowski [7] present closed-loop experiments for straightline tracking and disturbance rejection in the plane, by using image-based position feedback. These preliminary closed-loop experiments with eel-like robot proved the concept, but were not satisfactory for closed-loop control, as mentioned by McIsaac and Ostrowski [7] . In [63] , simulation and experimental results have been presented based on the LOS guidance law for steering an underwater snake robot along a straight line path. However, all these previous approaches for path following control are based on dynamic models of the swimming robots where ocean current effects are neglected.
Biological swimming animals and underwater swimming robots operate under the influence of highly nonlinear hydrodynamic effects, e.g., turbulent fluid, current, and wave effects [3] . The key to successfully maneuvring under complex hydrodynamic effects for aquatic animals lies in the ability to sense, process, and react to environmental disturbances. Fish and aquatic organisms may actively orient either positively (upstream/positive rheotaxis) to minimize the drag or negatively (downstream/negative rheotaxis) to water flows [64] . Rheotaxis, i.e., orientation to currents, is a robust, multisensory behavior found in many aquatic organisms. Biological fish have a lateral line sensing organ in order to detect movement and vibration 
in the surrounding water, providing spatial awareness and the ability to navigate in space [64] . Biological studies of aquatic animals show that lateral line is important in many behaviors, including rheotaxis, prey detection, predator avoidance, station holding, spawning behavior, and schooling behavior [3] , [65] . Flow sensing is used in [3] to control a fish robot. A flow-aided path following control strategy for fish robots is presented in [3] and [46] . From experimental results, it is shown that the fish robot manages to follow the desired trajectory in the flow by adjusting its flow-relative speed and using the side-slipping effect. In this paper, however, we develop a controller that is able to compensate for the current effects in the absence of sensing the surrounding flow effects. In particular, the proposed control approach does not need any sensors measuring the surrounding flow effects. The only measurements needed are the position and orientation of the robot.
III. MATHEMATICAL MODEL OF UNDERWATER SNAKE ROBOT
This section briefly presents the model of the kinematics and dynamics of an underwater snake robot moving in a virtual horizontal plane that will be used in the control design and analysis of this paper. A more detailed presentation of the model is given in [1] and [2] .
A. Notations and Defined Symbols
The underwater snake robot consists of n rigid links of equal length 2l interconnected by n − 1 joints. The links are assumed to have the same mass m and moment of inertia J = 1 3 ml 2 . The mass of each link is uniformly distributed so that the link center of mass (CM) is located at its center point (at length l from the joint at each side). The total mass of the snake robot is therefore nm. In the following sections, the kinematics and dynamics of the robot will be described in terms of the mathematical symbols described in Table I and illustrated in Figs. 1 and 2 . The following vectors and matrices are used in the subsequent sections:
The matrices A and D represent, respectively, an addition and a difference matrix, which will be used for adding and subtracting pairs of adjacent elements of a vector. Furthermore, the vector e represents a summation vector, which is used for adding all elements of a n-dimensional vector.
B. Kinematics of Underwater Snake Robot
The snake robot is assumed to move in a virtual horizontal plane, fully immersed in water, and has n + 2 degrees of freedom (n links angles and the xy position of the robot). The link angle of each link i ∈ 1, . . . , n of the snake robot is denoted by θ i ∈ R, while the joint angle of joint i ∈ 1, . . . , n − 1 is given by φ i = θ i − θ i+1 . The link angles and the joint angles are assembled in the vectors
T ∈ R n −1 , respectively. The heading (or orientation)θ ∈ R of the snake is defined as the average of the link angles, i.e., as [9] 
The global frame position p CM ∈ R 2 of the CM of the robot is given by
where (x i , y i ) are the global frame coordinates of the CM of
The forward velocity of the robot is denoted byῡ t ∈ R and is defined as the component of the CM velocity along the current heading of the snake, i.e., υ t =ṗ x cosθ +ṗ y sinθ.
(3)
C. Hydrodynamic Modeling
As it has been noted in the biorobotics community, underwater snake (eel-like) robots bring a promising prospective to improve the efficiency and maneuverability of modern-day underwater vehicles. The dynamic modeling of the contact forces is, however, quite complicated compared to the modeling of the overall rigid motion. The Navier-Stokes equations are very difficult to solve and quite unsuited for robotics control design purposes. The hydrodynamic modeling approach from [1] that is considered in this paper, takes into account both the linear and the nonlinear drag forces (resistive fluid forces), the added mass effect (reactive fluid forces), the fluid moments, and current effects.
1) Model Assumptions:
Underlying the modeling approach.
The fluid is viscid, incompressible, and irrotational in the inertial frame.
Assumption 2: The robot is neutrally buoyant, i.e., we assume that the mass per unit of volume of the robot is equal to that of the water, such that gravity and buoyancy cancel out each other.
Assumption 3: The current in the inertial frame
T is constant and irrotational. Remark 1: Assumptions 1 and 2 are common assumptions in hydrodynamic modeling of slender body swimming robots [35] , [37] , while Assumption 3 is a reasonable simplification of the real-world situation and is a standard assumption in marine control theory [66] , [67] .
Remark 2: Neutral buoyancy, ensuring that Assumption 2 is satisfied, is achieved by proper ballasting of the snake robot. The ballast will be furthermore positioned at the bottom of each snake robot link, in order to prevent it from rolling, making it self-stabilized in roll.
Assumption 4. The relative velocity at each point of the link in body-fixed frame (F B ) is equal to the relative velocity of the respective CM of each link.
Remark 3: This approximation is valid in our case because the link's length is small compared with the total robot's length, which means that the linear velocity of each point along a link will be approximately the same. With this assumption, we avoid the complexity of deriving the drag forces in analytical form, due to the nonlinear terms.
2) Hydrodynamic Model: In [1] , it is shown that the fluid forces on all links can be expressed in vector form as
The vectors f A x and f A y represent the effects from added mass forces and are expressed as
where
T is the current velocity expressed in inertial frame coordinates. The drag forces on the robot are given by
where f
are the linear and nonlinear drag, respectively, and where the relative velocities are given by
In addition, the fluid torques on all links are
where Λ 1 = λ 1 I n , Λ 2 = λ 2 I n and Λ 3 = λ 3 I n . The coefficients c t , c n , λ 2 , λ 3 represent the drag forces parameters due to the pressure difference between the two sides of the body, and the parameters μ n , λ 1 represent the added mass of the fluid carried by the moving body. Note that the added mass parameter in the x-direction is considered equal to zero (μ t = 0) because the added mass of a slender body in the longitudinal direction can be neglected compared to the body mass [1] .
D. Equations of Motion
This section presents the equations of motion for the underwater snake robot. In [1] and [2] , it is shown that the acceleration of the CM may be expressed as
T f Dy (10) where the detailed derivation of the matrix M p and vectors k 11 , k 12 , k 21 , and k 22 is given in [2] . In addition, it is shown that under the influence of fluid forces (4) and torques (9), the complete equation of motion of the underwater snake robot is obtained by (10) and
with f Dx = f
and f Dy = f
representing the drag forces in x-and y-directions and u ∈ R n −1 is the control input. For more details and the derivation of the matrices M θ , W θ , V θ , K Dx , and K Dy , see [2] .
By introducing the state vector
, we can rewrite the model of the robot compactly in a state-space form aṡ
where the elements of F(x s , u) are found by solving (10) and (11) forp CM andθ, respectively.
E. Discussion
Although the model of an underwater snake robot presented in this paper is in closed form and is thus better suited for modern model-based control design schemes than models that involves numerical calculations, this model considered underwater snake robots swimming in a horizontal 2-D plane of 3-D. Consequently, based on this model, we are able to investigate problems regarding the motion of swimming robots with highly nonlinear and complex models in 2-D space, as a preliminary step before we target more complicated problems in the 3-D space. Many interesting applications of underwater snake robots demands motion in 3-D plane, and even though motion in any tilted horizontal plane will cover several of these applications, it is natural to extend the modeling approach presented in this paper from 2-D to 3-D in future work.
In addition, it is interesting to note that if, in the dynamic models (10) and (11), we set the fluid parameters to zero and replace the drag forces in x-and y-directions with the ground friction models, then the model reduces exactly to the dynamic model of a ground snake robot described in [9] . The underwater snake robot model is thus an extension of the land snake robot model, and may be used for amphibious snake robots moving both on land and in water. 
IV. INTEGRAL LOS PATH FOLLOWING CONTROL
In this section, we propose an integral LOS path following control scheme for underwater snake robots [2] . The controller consists of three main components as shown in Fig. 3 . The first component is the gait pattern controller, which produces a sinusoidal motion pattern that propels the robot forward. The second component is the heading controller, which steers the robot toward and subsequently along the desired path. The third component is the integral LOS guidance law (see Fig. 4 ), which generates the desired heading angle in order to follow the desired path. An inner loop potential difference controller is used to control the joint angles φ, while an outer loop controller is used for generating the reference joint angles in order to achieve the desired sinusoidal gait pattern and also the desired headinḡ θ ref (see Fig. 3 ). The three components of the path following controller will be presented in the following sections.
A. Control Objective
The path following control objective is to make the robot converge to the desired straight line path and subsequently progress along the path at some nonzero forward velocityῡ t > 0, wherē υ t is defined in (3). We consider it as less important to accurately control the forward velocity of the robot since in [68] and [69] based on both extensive simulation results and experiments we showed how by simply choosing the parameters of the motion pattern it is possible to achieve a desired forward velocity for underwater snake robots. The global x-axis is aligned with the desired path, and thus the position of the robot along the global y-axis corresponds to the cross track error, and the heading of the robot (1) is the angle that the robot forms with the desired path (see Fig. 5 ). The objectives of the control system can be formalized as
whereθ ss is a constant value which will be nonzero when the underwater snake robot is subjected to ocean currents that have a component in the transverse direction of the path. Note that, since underwater snake robots have an oscillatory gait pattern, the control objectives imply that p y andθ should have steadystate oscillations about zero andθ ss , respectively. Note that the heading of the robot is not required to oscillate around zero but rather to oscillate around a steady-state constant value (14) in the presence of ocean currents in the transverse direction of the path. This is similar to the results shown in [5] for autonomous surface vessels. In particular, the underwater snake robot then needs to keep a nonzero heading angle in a steady state in order to compensate for the current effect. A nonzero angle will allow the underwater snake robot to side-slip in order to compensate for the current effects and thus stay on the desired path, as shown in Fig. 6 . Assumption 5: The current has unknown direction and magnitude. It should be bounded by a constant V max > 0, i.e.,
T is the current velocity expressed in inertial frame coordinates.
Remark 4:
The value of V max that the robot is able to compensate is directly connected to the physical limitations of the robot, the actuator forces, and the number of the links.
B. Motion Pattern
Previous studies on swimming snake robots have focused on two motion patterns: lateral undulation and eel-like motion. In this paper, we will use a general sinusoidal motion pattern that describes a broader class of motion patterns, including lateral undulation and eel-like motion. Lateral undulation [9] , which is the fastest and most common form of ground snake locomotion, can be achieved by creating continuous body waves, with a constant amplitude, that are propagated backwards from head to tail. In order to achieve lateral undulation, the snake robot is commanded to follow the serpenoid curve as proposed in [14] . Eel-like motion can be achieved by propagating lateral axial undulations with increasing amplitude from head to tail [43] . Note that simulation and experimental results for the locomotion efficiency of underwater snake robots using lateral undulation and eel-like motion patterns, both with regards to the achieved forward velocity and the average power consumption are given in [68] .
In this paper, a general sinusoidal motion pattern is achieved by making each joint i ∈ {1, . . . , n − 1} of the underwater snake robot track the sinusoidal reference signal
where α and ω are the maximum amplitude and the frequency, respectively, δ determines the phase shift between the joints, while the function g(i, n) is a scaling function for the amplitude of joint i which allows (16) to describe a quite general class of sinusoidal functions, including several different snake motion patterns. For instance, g(i, n) = 1 gives lateral undulation, while g(i, n) = (n − i)/(n + 1) gives eel-like motion [1] . The parameter γ is a joint offset coordinate that we will use to control the direction of the locomotion [9] , [57] . In particular, in [9] and [57] , γ is shown to affect the direction of locomotion in the case of land-based snake robots and fish robots, respectively.
C. Outer-Loop Controller
In previous approaches, the parameters α and δ are typically fixed and the parameters ω, γ are used to control the speed and the direction of the snake robot [9] , [57] , [70] . In this paper, the same idea will be used in order to steer the underwater snake robot to a desired orientation. In particular, the outerloop controller will be responsible for generating the reference joint angles in order to ensure that the desired orientation is achieved. The orientationθ of the robot is given by (1). Moreover, motivated by [4] and [5] we propose to define the reference orientation using the following integral LOS guidance law:
where p y is the cross track error (i.e., the position of the underwater snake robot along the global y-axis), while Δ and σ > 0 are both constant design parameters and y int represents the integral action of the guidance law. In particular, Δ denotes the look-ahead distance that influences the rate of convergence to the desired path [67] and σ > 0 is the integral gain. The proposed integral LOS path following controller was recently proposed for path following control of marine surface vessels in the presence of unknown constant irrotational ocean current [4] , [5] . In particular, the integral LOS path following controller compensates for two environmental disturbances: the drifting effect of the currents, representing a pure kinematic drift, and the heading-dependent disturbances caused by currents, winds, and waves. This motivated us to believe that the integral LOS guidance law could be well-suited for path following of underwater snake robots in different sea conditions. In particular, the conjecture is that this choice of orientation reference will make the snake robot converge to the path, i.e., make p y converge to zero, as shown in Fig. 5 . Note that, in this paper, we investigate the efficacy of the integral LOS guidance law in the presence of ocean current effects since this is the predominant environmental disturbance underwater. The applicability of the proposed control strategy for underwater snake robots under the influence of waves and other disturbances when operating in the wave zone remains a topic of future work. Generally, the value of the parameter Δ will influence the transient motion of the robot, cf., Fig. 5 . This means that it is expected to have well-damped transient motion for large values of Δ and large overshoots or even instability for too small values. Generally, for marine vehicles it is common to choose Δ larger than twice the length of the robot (see, e.g., [67] ). Note that, even though the body structure and motion pattern of the robotic system studied in this paper are quite different compared to these marine vehicles, we follow the same concept for the proposed control approach. Simulations and experimental results presented in the following sections for the proposed control approach show good transient behavior of the robot by choosing Δ = 2ln. In the future, optimization techniques or analytical studies can be used to investigate the influence of the parameter Δ for underwater snake robot locomotion.
Furthermore, the integral effect becomes significant when the ocean current effect pushes the underwater snake robot away from its path. Note that (18) is designed such that the integral action has less influence when the robot is far from the path, reducing the risk of wind-up effects [5] . In fact, (17) and (18) behaves as a traditional LOS law when the underwater snake robot is far away from the path while the integral action takes over when the motion is closer to the desired path.
Motivated by results for ground snake robots, we seek to use the parameter γ to control the direction of the locomotion of the robot. In particular, to steer the headingθ according to the integral LOS angle in (17), we choose the joint angle offset according to
where k θ > 0 is a control gain [2] .
D. Inner-Loop Controller
For motion in 2-D, in order to make the joint angle φ i follow its reference signal φ * i , a PD controller is used
where k p > 0 and k d > 0 are the gains of the controller.
Note that the gait parameters α, ω, and δ of the general sinusoidal motion pattern (16) , the controller gains k p , k d , k θ in (20) and (19) and the parameters Δ and σ are chosen arbitrarily for the simulation and experimental results presented in the following sections. In the future, optimization techniques and model-based analysis approaches will be examined for choosing the gait parameters and the controller gains, respectively.
V. STABILITY ANALYSIS OF THE INTEGRAL LOS PATH FOLLOWING CONTROLLER BASED ON THE POINCARÉ MAP
In this section, the theory of Poincaré maps is employed to prove that the integral LOS path following controller proposed in Section IV generates a locally exponentially stable periodic orbit in the state space of the underwater snake robot. This periodic orbit implies that the robot locomotes along the desired straight path in the presence of current.
A. Poincaré Map
The Poincaré map is a useful tool for studying the stability of periodic solutions in nonlinear dynamical systems [71] . In particular, the stability of a periodic orbit of a dynamical system is related with the stability of the fixed point of the corresponding Poincaré map of the system. We will thus use a Poincaré map approach as a stability analysis tool for the closed-loop system of the underwater snake robot with the path following controller presented in Section IV. In particular, the exponential stability of the system will be investigated by checking if the fixed point is an exponentially stable equilibrium point of the discrete system. The fixed pointx * is locally exponentially stable if the magnitudes of all the eigenvalues of the Jacobian linearization of the Poincaré map J P (x * ) about the fixed point are strictly less than one.
Note that in order to investigate the stability properties using Poincaré maps, the model of the underwater snake robot should be represented as an autonomous system. Following the approach described in [72] , the model (12) with the path following controller proposed in Section IV can be rewritten as the following autonomous system:
where β = 2πt/T is a new state variable and T = 2π/ω is the period of the cyclic locomotion generated by the sinusoidal gait pattern in (16) . The state variable β is periodic since we force β to be 0 ≤ β < 2π, i.e., we set β to zero each time β = 2π. What now remains is to specify the Poincaré section for the underwater snake robot. We choose the global x-axis as the Poincaré section S of the system in (21) (see, e.g., [9] ). Furthermore, we exclude p x from the Poincaré map since the forward position of the robot will not undergo limit cycle behavior like the other states of the system. As a result, the Poincaré section is given by S = {(θ, p y ,θ, β)|p y = 0}, which means that the vector of the independent time-periodic states constrained to S can be expressed asx
Remark 5:
Note that since p x is not present on the right-hand side in any of the dynamic equations in (12), we can exclude p x from the Poincaré map without affecting the other state variables of the system (12).
Remark 6: In this paper, we consider a one-sided Poincaré map by assuming that the Poincaré section is crossed when the CM position of the underwater snake robot crosses the x-axis from above, similar to the approach presented in [9] and [10] for ground snake robots.
B. Stability Analysis of the Poincaré map
In order to investigate the stability of the robot with the integral LOS path following controller proposed in Section IV, we consider an underwater snake robot with n = 3 links, each one having length 2l = 0. undulation and eel-like motion, respectively. Note that these initial values are used for the stability analysis of the system by using Poincaré map. Furthermore, the control gain in (19) is k θ = 0.8, while the guidance law parameters in (17)- (18) are chosen as Δ = 2ln [67] , and σ = 0.01 [5] .
The Poincaré map of the underwater snake robot model in (10) and (11) is found using MATLAB R2013b. The dynamics is calculated by using the ode23tb solver with a relative and absolute error tolerance of 1E−4. Using the Newton-Raphson algorithm, the fixed point,x * ∈ R 9 , of the Poincaré map for lateral undulation and eel-like motion are given by (22) The locomotion of the robot over one period is shown in Figs. 7 and 8 for lateral undulation and eel-like motion, respectively. The initial values of the states of the robot are given by (22) and (23), and the initial position is chosen as p CM = 0. From Figs. 7 and 8, we can see that after one period of the motion the state variables have returned to their initial values given by (22) and (23) . In addition, after one period of motion the position of the robot along the x-axis has increased. Furthermore, Figs. 9(a) and 10(a) illustrate the limit cycle that is traced out by the three link angles of the robot for lateral undulation and eel-like motion.
The Jacobian linearization of the Poincaré map about the fixed points (22) and (23) is calculated, and the magnitudes of the eigenvalues of J P (x * ) ∈ R 9×9 are found to be given by (24) and (25) for lateral undulation and eel-like motion, From (24) and (25) , it is easily seen that all the eigenvalues, both for lateral undulation and eel-like motion cases, are strictly less than one. Therefore, we can conclude that the periodic orbit is locally exponentially stable for the given choice of controller parameters both for lateral undulation and eel-like motion. Since the periodic orbit is exponentially stable and the system returns to p y = 0 with time period T , we can conclude that the control objective (13) is achieved. Furthermore, in [73] it is shown that for an underwater snake robot under anisotropic drag effects, propulsive forces are positive as long as sgn(θ i ) = sgn(ẏ i ) and sgn(θ i ) = sgn(ÿ i ). Figs. 9(b) -(c) and 10(b)-(c) show that these conditions are valid over the majority of the period for both lateral undulation and eel-like motion. Hence, the robot moves forward and the control objective (15) is satisfied. Since the control objectives (13) and (15) are both satisfied, we can argue that the control objective (14) must be satisfied. Note that if the heading did not oscillate aroundθ ss , but rather around zero, then the robot would not be able to compensate the ocean current effects and the robot would drift away from the desired path, which contradicts the fulfillment of control objective (13) .
Remark 7: A more formal stability analysis of the system in (10) and (11) with the proposed controller remains a challenging task, mainly due to the complexity of the dynamic system equations [1] . Thus a numerical approach is adopted in this paper. Note that by using the Poincaré map approach, we have only proven that the stability of the proposed path following controller presented in Section IV holds for the numerical parameters of the system presented in the beginning of this section. However, simulations indicate that the proposed path following controller can be applied to steer the robot to the desired path in the presence of ocean currents for other parameters of the system and for a wide range of the current values.
VI. SIMULATION STUDY
This section presents simulation results in order to investigate the performance of the integral LOS path following controller described in Section IV. The model and controller parameters are the same as in Section IV. The initial values of all states of the robot are set to zero except for the initial position of the CM, which is selected as p CM (0) = [0, 0.5]. In Figs. 11(a) and 12(a), we can see that (19) makes the heading angle converge to and oscillate about the desired heading angle given by (17) for lateral undulation and eel-like motion, respectively. Note that the heading of the robot does not converge to oscillations about zero but rather converges to a steady-state constant valuē θ ss , which means that the control objective (14) is achieved. Moreover, Figs. 11(b) and 12(b) show that control objective (13) is verified, i.e., the integral LOS guidance law (17) will make the cross track error converge to zero. Finally, in Figs. 11(c) and 12(c) we can see that the CM of the underwater snake robot converges to the desired path for both lateral undulation and eel-like motion. Figs. 11-12 clearly show that the heading, the cross track error, and the position of the robot have a steady-state oscillatory behavior when the robot reaches the desired path, as described in Section IV-A.
VII. EXPERIMENTAL INVESTIGATION
This section describes the experimental setup employed in order to investigate the performance of the integral LOS path following controller proposed in [2] , and the experimental results.
A. Underwater Snake Robot-Mamba
In this section, the underwater snake robot that was used in our experiments is presented. A more detailed description of the robot is found in [6] .
The snake robot Mamba (see Fig. 13 ) is a mechanically robust and easily reconfigurable experimental platform developed to support our ongoing research on ground and underwater snake robot locomotion. The robot is watertight and has a modular design with a common mechanical and electrical interface between the modules. Each joint module is actuated by a Hitec servo motor (HSR 5990TG). The sensors inside each joint include a force/torque sensor on the joint shaft, two temperature sensors, a three-axis accelerometer, and a water leakage detector. The joint is controlled by using a microcontroller card Note that even though all the modules of the robot are watertight down to about 5 m, the robot was covered by a watertight skin during the underwater path following experiments to achieve an extra water barrier (see Fig. 13 ). Moreover, the skin gives the robot a smoother outer surface, thereby reducing the drag effects. The skin is made up of Groundsheet, Nylon, PU-coated, 90 g/m 2 material and it is attached at the head and the tail parts by using silicone rubber seals made from Dragon Skin Series product [74] .
B. Experimental Setup
The performance of the guidance strategy presented in Section IV was investigated experimentally for straight line paths. The experiments were performed in the North Sea Center Flume Tank in Hirtshals, Denmark [75] . The dimensions of the tank are L: 30 m, H: 6 m, and W: 8 m and an installation of four propellers and motors of 64 kW in the tank provides the ability to generate water flow up to 1 m/s. In addition, the tank is equipped with a state-of-the-art motion capture system from Qualisys [76] , which provides accurate real-time measurements of the position and orientation of underwater objects equipped with reflective markers.
The experiments were carried out using the underwater snake robot-Mamba (see Fig. 13 ) [6] , with 18 identical joint modules mounted horizontally and vertically in an alternating fashion. During the experiments, the robot was moved according to a strictly horizontal motion pattern where the joints with vertical axis were constrained at zero degrees. The kinematics of the snake robot therefore corresponded to a planar snake robot with links of length 2l i = 0.18 m and mass m i ≈ 0.8 kg. During the experiments, the robot had a slightly positive buoyancy and was swimming near the water surface. In order to measure the position and the orientation of the snake robot, reflective markers were attached on the tail part of the robot, as shown in Fig. 13 . Although the robot was swimming on the surface of the tank, the markers were submerged in the tank approximately 0.5 m from the surface since the camera system was unable to track markers above 0.5 m from the surface. The global frame coordinates of the tail link and the absolute angle of the tail were measured using the camera-based motion capture system from Qualisys [76] installed in the tank. The camera system consisted of six cameras, which allow reflective markers to be tracked under water. The controller structure used in the experiments is illustrated in Fig. 14. The measured position and the absolute angle of the tail were received from an external computer where the Qualisys system [76] was connected, and afterwards these measurements were sent through UDP in LabVIEW 2013 to another computer where the path following controller was implemented.
Knowing the position and the orientation of the tail of the robot, and also the individual joint angles, and by using the kinematics of the robot presented in Section III, the CM position, p CM and the absolute link angles, θ of the underwater snake robot were calculated. The integral LOS path following controller of the underwater snake robot was implemented on an external computer according to (16) - (19) for the lateral undulation gait pattern. The solutions of (18) were obtained by the numerical integration in LabVIEW 2013, which was used as the development environment for the path following controller. The reference joint angles, computed by (16) , were sent to the robot via a CAN bus and the joint angles were controlled according to a proportional controller implemented in the microcontroller of each joint module. The reference angles are sent to the robot from an external PC at the frequency 10 Hz. Note that we did not implement the joint torque controller given by (20) since accurate torque control is not supported by the servo motors installed in the snake robot. The orientation of the robot was estimated according to (1), i.e., as the average of the individual link angles. The integral LOS angle given by (17) was calculated with a look-ahead distance equal to the length of the robot, i.e., Δ = 1.6 m [67] for fast convergence due to the limited length of the tank, and σ = 0.01 [5] . Furthermore, the initial values of y int were zero and the control gain in (19) was k θ = 0.3. The joint angle offset was saturated according to φ 0 = [−20
• , 20
• ] in order to keep the joint reference angles within reasonable bounds with respect to the maximum allowable joint angles of the physical robot.
The reference angles corresponding to the horizontal joint motion of the robot were calculated according to (16) The reference angles corresponding to the vertical joint motion were zero in order to constrain the motion of the robot purely in the horizontal plane. Furthermore, the initial values of the link angles were set to zero, while the initial heading and position of the robot are presented in each trial. Note that the forward speed of the robot in the experiments was set at a moderate level to prevent the motors in the joints from overheating.
As previously mentioned, in order to measure the position and the orientation of the robot, reflective markers were attached on the tail module of the robot using an external structure. In order to avoid any misplacement of the markers and thus get accurate measurements from the underwater camera system, we implemented a lightweight and stiff structure made from iron ropes in which the markers were attached. Note that the markers were attached on the tail module and not at the CM of the robot mainly to reduce any extra disturbances produced from the motion of the robot that would influence all the links from the middle joint and backwards due to the external structure. However, the implemented structure has reasonable dimensions in order to reduce the effect on the motion of the robot.
C. Experimental Results
The straight line path following controller was experimentally investigated for the following two different cases.
1) LOS Path Following Controller:
Initially, we performed experiments with no current effects and σ = 0. In this case, the guidance strategy is reduced to the well-known LOS path following guidance law [67] . Experimental results for three different sets of initial conditions are presented. In the first two trials of the experiments, the robot was initially headed along the desired path (the x-axis), and the initial distance from the CM to the desired path was 0.2555 and 0.4926 m, respectively. In the last trial, the robot was initially headed toward the desired path (the x-axis) with initial headingθ(0) = −91.2
• , and the initial distance from the CM to the desired path was −0.3698 m. The experimental results for the three trials are presented in Figs. 15-17 , where it is easily seen that the robot converged nicely toward and moved along the desired path during all three trials. In Fig. 15(d) , 16(d) , and 17(d), we can see that (19) makes the heading angle converge to and oscillate about zero for lateral undulation. Note that the measured orientation oscillated with larger amplitude than the reference orientation. The reason for this deviation is that there is no clear general definition of the heading of the snake robot. In particular, the snake robot consists of multiple individual links, where each link has its own individual heading. In this paper, we have chosen a measure of orientation for the whole robot based on the average of the link angles. While this measure in average corresponds to the direction in which the CM is displaced (which is what the reference heading is commanding), it will still oscillate due to the oscillating motion of the links. For this reason, our claim is that the heading of the snake robot is successfully tracking the reference heading as long as the heading is oscillating about the reference. Moreover, Figs. 15(c) , 16(c) , and 17(c) show that the cross track error converges to and oscillates about zero. Finally, in Figs. 15(a), 16(a) , and 17(a) we can see that the CM of the underwater snake robot converges to the desired path for lateral undulation. Furthermore, the forward velocity of the robot is shown in Figs. 15(e), 16(e), and 17(e) and the joint angle offset is shown in Figs. 15(f) , 16(f), and 17(f).
Figs. 15-17 clearly show that the heading, the cross track error, and the position of the robot have a steady-state oscillatory behavior when the robot reaches the desired path. Note that this was expected since for an underwater snake robot with revolute joints, it is difficult to achieve a purely nonoscillating motion of the CM. Similar to the oscillatory behavior of the CM, the orientation of the robot was also expected to oscillate, as it is shown in Figs. 
15(d), 16(d), and 17(d).
2) Integral LOS Path Following Controller: We investigated the performance of the proposed control strategy for a constant current in the inertial frame. Using the flow water speed generator this was set equal to [−0.07 cos (45 • ), −0.07 sin(45 • )] m/s. This was achieved by defining the straight line path at a 45
• angle with respect to the direction of the water flow and setting the water flow speed to 0.07 m/s. The straight line path following controller was experimentally investigated from two different sets of initial conditions. In both trials, the robot was headed along the desired path (the x-axis), and the initial distance from the CM to the desired path was −1.5728 and −0.7661 m, respectively. In Figs. 18(d) and 19(d) we can see that (19) makes the heading angle converge to and oscillate about the desired heading angle given by (17) for lateral undulation. Note that the desired heading of the robot does not converge to oscillations about zero, but rather converges to a steady-state constant valuē θ ss to compensate for the effect of the water current. Moreover, Figs and 19(a) that there is a small overshoot as the snake robot converges to the path. This is a result of the tuning, and in particular the choice of the look-ahead distance Δ. The larger the choice of Δ is, the smaller the overshoot will be, and the slower the convergence rate will be. The choice of Δ is thus a tradeoff between convergence rate on the one hand and the overshoot on the other hand. Furthermore, the forward velocity of the robot is shown in Figs. 18(e) and 19(e) and the joint angle offset is shown in Figs. 18(f) and 19(f) .
The visualization in Fig. 20 for the results presented in Fig. 19 illustrates that the robot converged nicely toward and moved along the desired path. This claim is supported by the plots of the cross track error in Fig. 19(c) , which shows that the cross track error converges to and oscillates about zero. Figs. 18-19 clearly show that the heading, the cross track error, and the position of the robot have a steady-state oscillatory behavior when the robot reaches the desired path, similar to the results presented for the LOS path following controller.
3) Simulation Results: In order to perform a back-to-back comparison of real experimental and ideal simulation results, we simulate the model presented in Section III with the integral LOS path following controller proposed in Section IV using similar parameters. In particular, we consider an underwater snake robot with n = 9 links, each one having length 2l = 0.18 m and mass m = 0.8 kg, i.e., identical to the physical robot presented in Section IV-A. The hydrodynamic parameters are • , δ = 40
• , and ω = 90
• /s in (16) . Furthermore, the control gain in (19) is k θ = 0.3, while the guidance law parameters in (17) and (18) Following the same approach presented in Section V, the fixed point of the Poincaré map for lateral undulation for a robot with nine links is given bȳ 
As we can see in (27) , all the eigenvalues are strictly less than one. Hence, we can conclude that the periodic orbit is lo- cally exponentially stable for the given choice of the controller parameters for a system identical to the physical robot studied in this paper for lateral undulation motion pattern.
D. Discussion
The results shown in Figs. 19 and 21 indicate that the qualitative behavior of the simulated system is similar to the behavior of the physical robot. In addition, tuning the values of the current for the simulated system, we also achieve a good quantitative similarity between the simulated and experimental results. In particular, in Figs. 19(a) and 21(a) it can be seen that the physical snake and the simulated snake follow almost the same path. The cross track error converges and oscillates about zero in both cases in the same time horizon, as shown in Figs. 19(c) and 21(c). In Fig. 19 the cross track error has larger oscillations compared to the ideal case in Fig. 21 (c) and this was expected mainly due to the noise on the measurements in the experiments caused by different sensors, i.e., the position measurement from the camera system and the joint angle measurements from the actuators. In addition, it is worth mentioning that the integral LOS was implemented in Labview via numerical integration and the integration of noisy data produces errors that can cause these oscillations. In Figs. 19(d) and 21(d) , we see that in both cases the heading converges to a constant steady-state value of 38
• , approximately. The oscillation of the heading is larger in Fig. 19(d) than in Fig. 21(d) and this is again due to the inaccuracies of the different measurements from the sensors. Note that the heading is defined as the average of the link angles (1) and any inaccurate measurements from the encoders will produce errors and this is the main reason for the larger oscillations on the heading in the experimental results presented in Fig. 19(d) .
Although an ocean current with values [−0.07 cos(45
• )] m/s was generated in the flume tank, the experiments were performed on the surface of the flume tank where also surface effects and possibly also wave drift influenced the motion of the robot. Furthermore, the attachment system that is used for the markers on the tail of the robot also affects the motion of the robot. In addition, it is expected that the robot is influenced by other hydrodynamic effects which are produced through to the interaction of the robot and the surrounding fluid on the surface, and which are not taken into account in the proposed modeling approach for underwater snake robots presented in [1] . The actual values of the total drift effects experienced by the snake robot are therefore not precisely known. In order to find an estimate of the total drift effects, we use thatθ ss is directly related with the values of the drift effects that the system is experiencing (see [5] for more details on this). We can thus find an estimate of the drift effects by tuning the ocean current (drift) parameters until they produce the sameθ ss as observed However, it is worth mentioning that results presented in Figs. 18, 19 , and 21 indicate that the proposed integral LOS path following controller successfully steered the underwater snake robot toward and along the desired straight path, compensating for the unknown hydrodynamic disturbances by keeping a constant nonzero heading. This makes the proposed control strategy applicable for motion planning of underwater snake robots under the influence of constant irrotational ocean currents and other ocean drift effects.
VIII. CONCLUSION
In this study, experimental results for both LOS and integral LOS path following control of underwater snake robots were presented. In particular, a straight line path following controller was proposed for an underwater snake robot in the presence of constant irrotational currents of unknown direction and magnitude. The integral LOS guidance law was combined with a directional controller to steer the robot to the path, where the integral action in the guidance law produced a constant sideslip angle that allowed the control system to compensate for the ocean current effect. The proposed path following controller consists of the following three main components:
(1) the gait pattern controller, which produces a sinusoidal motion pattern that propels the robot forward (16); (2) the heading controller, which steers the robot toward and subsequently along the desired path (19) ; and (3) the integral LOS guidance law, which generates the desired heading angle in order to follow the desired path (17) , (18) . It was shown that the proposed control scheme can be applied to underwater snake robots to compensate for the current effect and achieve path following of straight lines. Experimental results illustrated the performance of the proposed control strategy. In summary, the proposed integral LOS path following controller successfully steered the underwater snake robot toward and along the desired straight path, compensating the effects of currents. From the experimental results, it is seen that the robot managed to orient itself and maintain a constant nonzero heading to compensate for the effect of the current forces.
In future work, the authors will investigate the validity of the proposed control strategy for general path following control purposes and extend the proposed control approach by taking into account general disturbances that could affect the motion of the robot operating in a highly uncertain underwater environment. In particular, a topic of future work is the extension of the proposed control approach to 3-D in order to be able to investigate path following of underwater snake robots in a 3-D plane. 
